Many mathematical models have been published with the purpose of explaining aspects of T-cell development in the thymus. In this manuscript we adapted a four-compartment model of the thymus and used a range of mathematical approaches with the aim of explaining the dynamics of the four main thymocyte populations in the mouse thymus, from the emergence of the first fetal thymocyte until the death of the animal. At various pre-natal and post-natal stages we investigated experimentally the number and composition of thymocytes populations, their apoptosis and proliferation, along with data from literature, to create and validate the model. In our model the proliferation processes are characterized by decreasing proliferation rates, which allows us to model the natural involution of the thymus. The best results were obtained when different sets of parameters were used for the fetal and post-natal periods, suggesting that birth may induce a discontinuity in the modeled processes. Our model is able to model the development of both pre-natal and post-natal thymocyte populations. Also, our findings showed that the post-natal thymus is able to develop in the absence of the daily input of bone marrow progenitors, providing more evidence to support the autonomous development of the post-natal thymus.
The emergence of the embryonic mammalian thymus, its subsequent rapid development in the early stages of post-natal life and then its gradual involution later in life are complex processes that are incompletely understood 1 . Thymocyte proliferation, differentiation, death, and bi-directional interactions with the thymus stromal component are all complex processes that occur simultaneously in the organ. Although all thymocytes from the thymus are mixed together without apparent physical boundaries, they can be divided into specific populations based on the expression of certain markers. In case of mouse thymus, based on the expression of CD4 and CD8 markers 2 , the thymocytes can be divided into four main populations: CD4− CD8− double negative (DN, N(t)), CD4+ CD8+ double positive (DP, P(t)), mature CD4+ CD8− single positive (SP4, SP4(t)), and mature CD4− CD8+ single positive (SP8, SP8(t)). The current view of thymocyte developmental flow in the thymus indicates that bone marrow progenitors enter the thymus on a daily basis where they first generate DN thymocytes that subsequently turn into DP ones that undergo intense proliferation, differentiation and apoptosis as they generate the mature SP4/SP8 thymocytes, which are exported as functional T-cells from the thymus.
The development of the fetal mouse thymus begins at mid-gestation when the thymus bud, an area around the third pharyngeal pouch 3 , is colonized around E10.5-11 stage by hematopoietic progenitors originating in the fetal liver 4, 5 , which are transported through the blood stream 6 . Soon afterwards, the first DN thymocytes appear in the thymus primordium, at around E11 of gestation 7 . In the next few days the DN thymocytes proliferate intensively and form a sizable population by the stage E14. The first DP thymocytes can be detected experimentally around E15 of pregnancy 8, 9 . Shortly afterwards, at E16 stage, the SP4 and then the SP8 thymocytes can be detected experimentally in the embryonic thymus 8, 9 . At birth, the fetal thymus contains the four main thymocyte populations which are found in the post-natal thymus. In the first few weeks after birth, the cellularity of the mouse thymus Scientific RepoRts | 6:36159 | DOI: 10.1038/srep36159 expands rapidly, reaching a plateau at 4-6 weeks of age and gradually involutes afterwards, although the organ continues to operate in old age 10 . There are functional differences between the pre-natal and post-natal thymuses. Relative to the adult thymus, the neonatal thymus has greater thymocyte proliferation and a predominance of immature thymocytes 11 . The proliferation of the DN and DP thymocyte populations is higher in the fetal thymus than in the post-natal one 12 .
When the proliferation of the four main thymocyte populations was examined in the 5 week old mouse thymus, the results showed that 90% of all proliferating thymocytes are DPs and most of the remaining ones are DNs 13 . A small percentage of the mature SP4 and SP8 thymocytes still proliferate after selection, in both the neonatal 14 , and the adult mouse 15 . Data on the dynamics of thymocyte apoptosis in the adult mouse thymus 16 and the composition of the four main thymocyte populations in the pre-natal thymus at several stages 17, 18 were obtained from the literature. Based on experimental observations, the change over time in the number of precursors in the pre-natal thymus appears to follow a logistic type of growth 19 . For a long time it was accepted that the thymus does not contain any self-renewal capacity and that its thymopoiesis required a constant input of bone marrow progenitors. In spite of a considerable amount of research being devoted to the isolation and characterization of these progenitors, their molecular signature was not clearly identified in the adult mouse [20] [21] [22] . There are experimental observations which support this hypothesis, such as thymus transplants, in which resident thymocytes generate a single wave of mature T cells, due to the fact that precursors originating from the bone marrow of the host rapidly replace the resident cells of the transplanted thymus 23 . When wild-type thymi are transplanted into immuno-deficient or Rag2-deficient hosts (which lack bone marrow precursors), the competent thymocyte populations from the graft are rapidly replaced by the incompetent precursors from the bone marrow of the host, and by 3 weeks after surgery, the export of mature T cells fails 24, 25 . Nonetheless, recent results from multiple knock-out mouse experiments support the concept of a thymus that does not need a continuous inflow of bone marrow progenitors to maintain normal thymopoiesis [26] [27] [28] . Peaudecerf et al. 26 , found a population of thymocytes in the neonatal thymi transplanted into interleukin 7 receptor-deficient hosts which could self-renew and continuously generate mature thymocytes, resulting in the development of a full peripheral T cell repertoire in just one month after transplantation. In another approach 27 , a strain of triple knock-out mice that lack T, B, and natural killer cells, and are devoid of T-cell progenitors, showed sustained T-cell development that lasted for several months when transplanted with a wild-type thymus.
Molecular and cellular investigations provide meaningful, individual observations but from such static experiments it is difficult to obtain dynamic information. Mathematics provides the appropriate tools for simultaneously analyzing thymocyte dynamics and the propagation of a perturbation from a population to other thymocyte populations. Thymus functions and various aspects of thymocyte apoptosis, proliferation, selection and maturation were previously modeled by differential equations, cellular automata or agent-based models [29] [30] [31] [32] [33] . Most thymus compartmental models [29] [30] [31] use density and/or competition based regulation of the population sizes, which are appropriate for modeling homeostasis, but cannot accurately describe natural involution of the organ. With the aim of modeling thymus development from the appearance of the first thymic progenitor until late life involution stages, we modified a traditional compartmental model 29, 30 by introducing exponentially decreasing proliferation rates in order to be able to model the involution of the organ. Besides this modification, the proposed mathematical model also incorporates a delay between the DN and DP compartments and contains a compartment which models the collection of the apoptotic cells that are being phagocytosed by the stromal cellular component of the thymus. We assumed that all dead thymocytes follow a similar death pathway and are treated equally by the thymic stroma, irrespective of their population of origin.
Thus we arrived at two main classes of mathematical models (both based on decreasing proliferation rates), one which does not incorporate (M1) and another one which incorporates density-based control of population growth (M2). Each of these two classes of models were further divided into two variants, which allow (V1) or do not allow (V2) different sets of parameters in the modeling of the pre-natal and post-natal thymocyte dynamics. The models were separated initially on the basis of their fitting quality, and the models with poorer fitting were not pursued further. Models with comparable fitting were examined for their ability to model the dynamics of the thymocyte populations and to match crucial developmental time points in the development of the fetal thymus, from our data or from the literature.
We modeled the development of the fetal and post-natal thymocyte populations, their proliferation and the dependence of the post-natal thymus on the inflow of progenitors from the bone marrow, on a time scale ranging from the emergence of the first fetal DN thymocyte until the death of the mouse, at approximately 2 years of age. We used our experimental data on pre-natal and post-natal thymocyte apoptosis, the numerical value and percentage of thymocyte populations at indicated pre-natal and post-natal stages 34 , and findings from the literature regarding the proliferation, apoptosis, and numerical changes in thymocyte populations in the fetal and post-natal thymus in order to develop and validate the model. We also examined the role and significance of the discontinuity in the proliferation rate of thymocytes during the birth period. We found that the proliferation rates of all four thymocyte populations underwent significant changes at birth time and that these changes correlated with experimental observations. Also, our model showed that the post-natal thymus is able to develop in the absence of the daily input of progenitors from the bone marrow, providing further evidence to support the autonomous development of the post-natal thymus.
Results
The fitting quality of the mathematical model variants and their ability to model the emergence of thymocyte populations in the pre-natal thymus. All four variants are able to model both the growth and involution phases of the thymus from the appearance of the first fetal DN thymocyte until the final stages of mouse life. The results reported in Table 1 suggest that by combining density based control of the growth with decreasing proliferation rate one can fit the experimental data, but that the quality of the fit is not better than that obtained using only decreasing proliferation rates (M1.V1 versus M2.V1). On the other hand, the constraint on non-discontinuity in the proliferation function at the moment of birth has a smaller impact on models which involve density based factors (M2.V1 and M2.V2).
To further investigate the fitting quality of the modeling, we examined the correspondence between the time points of the appearance of the DN thymocyte population in the fetal thymus as obtained using the simulations of all four models, and those reported in the literature [3] [4] [5] [7] [8] [9] . The results are displayed in Table 2 and show that in the model M1.V1 the emergence of the fetal DN thymocytes appear to be in agreement with the experimental data 7 , while in M1.V2 they appear somewhat later but still before the E11 stage. In model M2 the moment of the first DN thymocytes emergence is also before the stage E11, in both variants, M2.V1 and M2.V2 (Table 2 ), but the fitting quality in both variants of this model is poorer (Table 1) .
Based on the fitting quality and the match with the emergence of the DN thymocyte population in the fetal thymus, the best approach to modeling the dynamics of the thymocyte populations in both the fetal and the post-natal thymus is the one with a decreasing proliferation rate and birth discontinuity of rates (M1.V1).
Modeling the development of the four main thymocyte populations in the pre-natal thymus in mice. Next we investigated the ability of the two selected variants of models (M1.V1 versus M2.V1 in Table 1) to match the emergence of DP, SP4, and SP8 thymocyte populations during the development of the fetal thymus and we plotted the simulated curves. In the model M1.V1 (Fig. 1A , continuous line, and Table 2 ), the first DN thymocytes appear between E10-10.5, and the DN population grows rapidly in the fetal period, peaking at E16.5, around the time when the DP population starts to increase significantly, and then declines until birth. The first DP thymocyte is generated shortly before E13.5 (Fig. 1B , continuous line, and Table 2 ), while the SP4 and SP8 thymocytes appeared just before E14.5 (Fig. 1C,D , continuous line, and Table 2 ), in agreement with the experimental findings 8, 9 . There is also a delay of roughly 3.5 days between the emergence of DN and DP thymocytes, and about one day between the emergence of DP and SP4/SP8 thymocytes (columns SP4 and SP8 versus column DP, Table 2 ), also consistent with previously published data 8, 9 . After the emergence of fetal DP, SP4 and SP8 thymocytes, their populations grew exponentially until birth. The model M1.V1 is able to match the onset of fetal DP, SP4, and SP8, and the delays between DN-DP, DP-SP4, and DP-SP8, as shown in Table 2 .
When the model M2.V1 was used in a simulation we found several mismatches with the experimental results regarding the main time points in the fetal development of the thymus. In this model, although the DN thymocytes appear only a short time later than in the previous model, there is a very early peak just prior to E13 stage, caused by the higher initial value of the proliferation rate and then a slight decrease due to a dropping proliferation rate (Fig. 1A, dotted line) , a feature which we have not found to be backed up by any experimental data. The emergence of DP thymocytes happens only before E15.5 (Table 2 and Fig. 1B , dotted line), a finding that contradicts the experimental data 8, 9 which showed that fetal DP thymocytes could already be detected experimentally at stage E15. With respect to mature SP4 and SP8 thymocytes this model shows that they also emerge at a time point (just after E16.0) when they can already be detected experimentally 8, 9 ( Table 2 and Fig. 1C ,D, dotted line). There is also a delay of almost 5 days between the emergence of fetal DN and DP thymocytes, which experimental data showed to be around 3.5 days 8, 9 , and a delay of a little more than half a day between the emergence of fetal DP thymocytes and the SP4 and SP8 thymocytes (columns SP4 and SP8 versus column DP, Table 2 ), which the same experimental data 8, 9 showed to be around one day. Thus, the model M2.V1 is unable to model the time points of emergence of the fetal DP, SP4, and SP8 thymocyte populations and the delays between DN-DP, DP-SP4, and DP-SP8, as shown in Table 2 .
The change in the total number of thymocytes in the pre-natal thymus in both models is also shown (Fig. 1E ). The dynamics in the composition in the four thymocyte populations of the pre-natal thymus is depicted in Fig. 1F and shows that, as the fetal thymus develops, the percentage of DN thymocytes drops while the percentage of Table 2 . Confidence intervals for the time moment (days of gestation) of the first cell appearance, for each thymocyte population, in the pre-natal thymus.
DP ones increases, the percentage of the two populations becoming equal at around stage E17.75 (or ~1.75 days before birth), in agreement with experimental findings 9 that showed that the fetal DP thymocyte population becomes dominant at 1-2 days before birth. By birth both the DN and DP thymocyte populations approach the normal percentage distribution that we see in the post-natal thymus.
These findings further favor the modeling approach represented by model M1.V1, an approach that models the milestones of fetal thymus development better for all four thymocyte populations.
Modeling the development of the four main thymocyte populations in the post-natal thymus in mice. We next simulated the development of the post-natal thymocyte population based on the models M1.V1 and M2.V1. The results displayed in Fig. 2A -D show the development of the four main thymocyte populations in a mouse thymus from the pre-natal emergence of each population up to 100 days after birth, using the model M1.V1 (continuous line) and the model M2.V1 (dotted line). The change in the total number of thymocytes in the post-natal thymus (Fig. 2E ) is also shown. Both variants are able to model the post-natal development of all four post-natal thymocyte populations. The thymus composition of the four thymocyte populations throughout the entire post-natal life of mice ( Fig. 2F ) is in agreement with the experimental findings 35 , which state that the percentage of DP thymocytes drops gradually (and that of DN thymocytes increases gradually) as the mouse ages, but never drops below that of DN thymocytes. The overall dynamics of all thymocyte populations from the appearance of the first fetal DN thymocyte until the death of the animal is displayed in Supplementary Figure S2A , and is in agreement with the existing data on the gradual involution of thymus in old age 35, 36 . The changes in each post-natal thymocyte population from 200 days up to 2 years are displayed in Figure S2B , in the Supplementary Material, and shows that, although the normal thymus supplied with a constant inflow of progenitors involutes dramatically in late age, it never ceases to operate and that thymocyte populations never reach the zero value before the age of two years, which represents the typical lifespan of a mouse.
Post-natal modeling of thymocyte population dynamics with both variants, M1.V1 and M2.V1, is able to reproduce their dynamics from birth until late age and the plots obtained by mathematical modeling match the experimental data.
"Shock of birth" effect on the proliferation rates of all four thymocyte populations. Both variants of the models -M1.V1 and M2.V1 -show that the highest proliferation rate in the pre-natal thymus occurs in the early stages of DN thymocyte formation and then their proliferation drops gradually as the thymus progresses towards birth (Fig. 3A) . A similar proliferation curve but of smaller amplitude happens in case of DP thymocytes (Fig. 3B) . That is consistent with the major buildup of these two thymocyte populations that happens in the pre-natal thymus. However, in case of SP4 and SP8 thymocytes, their pre-natal proliferation appears to be weaker than the post-natal one (Fig. 3C,D) .
On the other hand there are experimental findings suggesting that SP4 and SP8 thymocytes retain some proliferative capacity after selection, both in pre-natal and post-natal mice 14, 15 , and our models showed that the proliferation of both SP4 and SP8 thymocytes is significantly higher immediately after birth than in the fetal period, but only for a limited time, suggesting that own SP4 and SP8 proliferation plays an important role in the generation of immuno-competent cells in the early stages of the post-natal life, in agreement with published observations on the proliferation ability of SP4 thymocytes in neo-natal mice 14 . One striking feature of proliferation in all thymocyte populations is their discontinuity during birth. The most intense effect is on the proliferation of DP thymocytes, which fell during birth, and on the proliferation of SP4 and SP8, which both shot up during birth. By imposing the continuity of the proliferation functions on the model M1 a reduction in the fitting quality was observed (Table 1 , variant M1.V2). On the other hand, for the models M2 the discontinuity does not influence significantly the fitting quality (Table 1 , variant M2.V2), but in this last model the matching to the time points of emergence of fetal thymocyte populations is poor (Table 2) .
These results suggest that birth resets the development of the thymus for the post-natal period and these changes in the proliferation rates before and after birth are supported by experimental observations 14, 15 . The models also suggest that proliferation rate plays a different role in the formation of SP4 and SP8 thymocyte populations in the pre-natal and post-natal periods.
Analysis of the dependence of the post-natal thymus on bone marrow progenitors. We next analyzed the dependence of the post-natal thymus on the inflow of bone marrow progenitors in the first 200 days of post-natal life. Data from the literature [20] [21] [22] , suggest that the daily inflow of bone marrow progenitors into the post-natal thymus is constant. To analyze the impact of post-natal progenitors we examined two scenarios:
• The number of bone marrow progenitors remains constant, at the birth level for the remainder of the adult life of the mouse.
• The number of bone marrow progenitors is set to zero at birth for the remainder of the adult life of the mouse.
Both scenarios were simulated using the model characterized by decreasing proliferation rates (M1.V1) and these results are displayed below. Similar results were obtained using the model which also involves density-based control of growth (M2.V1), as both models behave similarly in post-natal life.
The results displayed in Fig. 4 and Table 3 show that, in comparison with the dynamics of thymocyte populations in the thymus fueled by bone marrow progenitors (continuous line), by reducing the number of bone marrow progenitors to zero (b(t) = 0) for the remainder of the post-natal life the impact on the DN population in the first three months of life is minor (Fig. 4A , dotted line, and Table 3 ), and that coincides with the maximum level of activity of the thymus. The complete absence of bone marrow progenitors in the first 6 months of post-natal life has even less effect upon the DP, SP4, and SP8 populations (Fig. 4B-D , continuous lines versus dotted ones, and Table 3 ), suggesting that the post-natal thymus could possess an intrinsic capacity for renewal, independent of the external input of progenitors. With respect to the total number of thymocytes, the absence of post-natal progenitors has a negligible or minor effect on it in the first six months, strengthening the possibility of a self-renewal capacity of the thymus (Fig. 4E and Table 3 ). The percentage differences in the number of thymocytes at several time points in post-natal life, between the model with progenitors and the one without progenitors are displayed in Table 3 .
It appears that the absence of bone marrow progenitors in post-natal life did not prevent the development of the post-natal thymocyte populations. In the absence of post-natal bone marrow progenitors, the thymus has a nearly identical output of mature thymocytes for the first six months of post-natal life, its most active period, suggesting that a functional thymopoiesis could occur in the absence of these progenitors. Table 3 shows that at 6 weeks of post-natal life, when the mouse thymus normally reaches its maximal size and functionality, in the absence of progenitors, there is a difference in the DN population of only about 10% in comparison with the version with inflow of progenitors. A difference in the DN thymocyte population between the models with or without progenitors remains at subsequent stages, suggesting that DN thymocytes are somewhat affected by the absence of progenitors. In the case of DP thymocytes at 6 weeks of post-natal life, the difference between the version with progenitors and that without progenitors is < 1%, suggesting that DP thymocytes could develop, in the first weeks, even in the absence of progenitors, based on the pool of DN thymocytes present at birth in the thymus. At later stages that difference increases slightly and reaches about 10% by 6 months of post-natal life (Table 3 ). In case of mature SP4/SP8 thymocytes the differences between the scenarios with or without progenitors at 6 weeks of post-natal life is well below 1% suggesting that mature thymocytes could also be generated in the absence of progenitors (Table 3) . At 6 months the difference increases to about 10%, suggesting that the long-term impact of the absence of progenitors on thymus output of mature thymocytes is minimal. These small differences have little relevance in functional terms in the first months of post-natal life since a mouse thymus with 150 to 155 million thymocytes instead of ~160 millions as ours have, would be considered perfectly normal. The dynamics of the total number of thymocytes from 200 to 700 days in the post-natal thymus, with or without progenitors, is displayed in Fig. 4F , which shows that, as is to be expected in the case of decreasing proliferation and constant death rates, the number of thymocytes asymptotically vanishes if there is no continuous influx of progenitors. These results suggest that the absence of progenitors in the post-natal thymus has an impact mostly on the DN population, while its effect on the other three populations is minimal, mainly in the early stages (the first six months) of post-natal thymus formation. Even with the complete absence of progenitors we could have production of functional, mature thymocytes from that thymus, comparable with that of a normal, progenitor-fuelled thymus, in the first 6 months of post-natal life. It is likely that the pool of DN and DP thymocytes present in the thymus at birth could keep the thymus going for most of its post-natal life. The absence of bone marrow progenitors seems to have more significant effects on the thymocyte populations and on the production of mature thymocytes after 6 months of post-natal life, when the organ is normally becoming less and less active, and its cellularity and functionality are only a fraction of their peak in the first weeks of post-natal life.
Discussion
T-cell development in the thymus is a very complex phenomenon that is only partly understood. While the post-natal thymus is readily accessible to experimental intervention, the fetal thymus, particularly at the early stages of thymus organogenesis is much more difficult to manipulate experimentally. In spite of these difficulties a picture of early thymus organogenesis emerged, with the identification of the primordial progenitors in the murine fetal liver [4] [5] [6] that are transported via the blood stream to the thymus anlage, where they generate the first DN thymocyte at around E10-11, which will then proliferate and differentiate 7 , resulting in the appearance of the fetal DP thymocytes and then, the first mature SP4 and SP8 thymocytes 8, 9 . The pre-natal thymus at the end of pregnancy contains all four major thymocyte populations that are found in a normal, functional thymus from a young mouse.
Until recently, the view that thymus function depends on a constant inflow of progenitors from the bone marrow was considered a central dogma of thymopoiesis [20] [21] [22] . Experimental data with transplanted thymuses suggested that resident thymocytes from the transplanted thymus are gradually replaced by the ones generated from the precursors from the bone marrow of the host [23] [24] [25] , but recent data in mice suggest that the post-natal thymus possesses an intrinsic renewal capacity, as suggested by the identification of thymocyte populations that could for a while sustain the T-cell development when normal thymuses are transplanted into immuno-deficient mice that lack bone marrow progenitors [26] [27] [28] . We intended to address the issue of thymus developmental autonomy by developing a mathematical model that could accurately describe the development of thymocyte populations from the emergence of the first embryonic thymocyte up to the death of the animal and assess the dependence of the post-natal thymus on the influx of bone marrow progenitors. Starting from a classical compartmental model of thymocyte dynamics, corresponding to the main four thymocyte populations 29, 30 , we adapted it and turned it into two classes of models, one characterized by an exponentially decreasing proliferation rate (M1) and the other one relying on the combination of a decreasing proliferation rate and a density-based control of the growth process (M2). Both classes of models are able to describe the development of the thymocyte populations from the stage of one DN thymocyte in the fetal thymus until late age involution and death of the animal. The models incorporate our experimental data regarding the numerical changes of pre-natal and post-natal thymocytes populations, their apoptosis, and data from the literature regarding the pre-natal and post-natal proliferation and the milestones of mouse fetal thymus development. From several sets of parameters estimated on the basis of the experimental data, we selected the ones which were in agreement with the information available in the literature. The best fit with the experimental data was obtained when different sets of parameters were used in the modeling of the pre-natal and post-natal thymocyte dynamics, suggesting that the processes corresponding to these stages are characterized by different rates. This discontinuity during birth in thymocyte dynamics is supported by experimental data, which showed that in the case of proliferation, the fetal thymus has greater proliferation in thymocytes than the post-natal thymus 12 , and the neo-natal thymus has a greater proliferation of thymocytes than the adult thymus 11 . This particular pattern of proliferation is what the models also revealed and suggests that discontinuity in proliferation rates during birth happens normally in the thymus and birth actually resets the development pattern of the thymus for the remainder of the post-natal life.
Nonetheless, there are some major differences in the ability of the models analyzed to fit the experimental data and to match specific time points in the development of thymocyte populations, primarily in the pre-natal period. In the model which involves density based control of growth (M2.V1), the onset of DP, SP4, and SP8 thymocyte development is several days later than the time point when they are already detected experimentally. Furthermore, the time delay in the transfer between fetal DN and DP compartments is much higher than the values reported in the literature 18 , while the delay between the emergence of fetal DP thymocytes and fetal SP4/ SP8 mature thymocytes is much shorter than that found in experimental observations. Thus, density-based models (like M2.V1 and M2.V2) may have a comparable fit with the experimental data but they are unable to match the essential time points in the development of the fetal thymocyte populations. On the other hand the models characterized by an exponentially decreasing proliferation rate (like M1.V1) fit the experimental data and match the crucial milestones during fetal development of thymocyte populations. When the bone marrow progenitors are absent from the development of the post-natal thymus, the thymocyte populations still form, although with some differences. The most sensitive population is the DN subset while the DP, SP4 and SP8 are far less influenced by the absence of progenitors. The total number of thymocytes in the thymus developed in the absence of bone marrow progenitors is not significantly different from the thymus developed with progenitors for the first 6 months of the post-natal life, precisely the period in which the thymus is the most active. The impact of the absence of bone marrow progenitors on the thymocyte populations becomes more significant only in the later stages of post-natal life, at a time when the thymus has lost most of its cells and its functions have diminished anyway. It is likely that DN and DP thymocyte populations resident in the thymus at birth could sustain the thymic homeostasis for many months into the post-natal life.
Although the two classes of models use different approaches to modeling the growth processes, there are several aspects which both of them reveal:
• A rapid growth of the post-natal thymus in the first weeks after birth and the subsequent age-induced involution of the organ.
• Similar distribution of thymocyte populations in the thymus both in pre-natal and post-natal periods (Figs 1F  and 2F ).
• The absence of bone marrow progenitors has little impact on post-natal thymus development in the first 6 months, suggesting that the thymus could contain self-renewal capability.
Based on models characterized by decreasing proliferation rates, it is possible to show that the post-natal thymus could develop quasi-normally in the first several months of life with no inflow of bone marrow progenitors, a result in agreement with some recent experimental findings that question the dependency of the post-natal thymus of a constant inflow of progenitors from the bone marrow [26] [27] [28] . Such mathematical models are capable of describing subtle features and inter-relations of the thymocyte dynamics in the thymus over the entire life span of the animal.
Methods
Animals. We used NMRI mice throughout our experiments, both female and male. The pregnancy in our experimental mice lasted 19.5 days, with the plug day considered the day 0 of pregnancy (E0.0). At indicated time points the animals were sacrificed by asphyxiation with carbon dioxide and their thymuses dissected out for further processing, as described below. The total number of thymocytes in each thymus was counted via trypan blue and a hemocytometer. The total number for each thymocyte subpopulation was obtained by multiplying the total number of thymocytes with the percentage of the respective population, as inferred from the flow cytometry dot plots. All the experiments on animals comply with European Convention for the Protection of Vertebrate Animals used for Experimental and Other Scientific Purposes (Strasbourg, France, 1986), with all its subsequent revisions, and Directive 2010/63/EU on the protection of animals used for scientific purposes. The experimental protocol was reviewed and approved by the Ethics Committee of the "Victor Babes" University of Medicine and Pharmacy Timisoara.
Thymus dissection and flow cytometry on thymocyte suspensions. Time-mated pregnant mice were sacrificed at E17.5, E18.5, and E19.5, in the morning immediately after overnight birth (considered the time point 0 of the post-natal life). We used multiple litters of pups to sacrifice every 5 days up to day 50 after birth, and on day 80 after birth. Their thymi were dissected out and washed with cold PBS to remove the traces of blood. Then with the help of a syringe piston it was minced through a sterile wire mesh immersed in cold PBS. The thymocyte suspension underneath was recovered, centrifuged at 700 g and washed twice with cold PBS. Concentration of cells was adjusted to 1 × 10 6 cells/ml. The cells were labeled with FITC-and APC-conjugated, rat anti-mouse CD4, CD8 antibodies (Southern Biotech, Birmingham, USA) and propidium iodide for 30 minutes in the dark, at 4 °C and then washed twice with cold PBS. The cells were re-suspended in PBS and analyzed on a BD FACSCalibur cytometer with at least 20,000 events recorded. Apoptotic thymocytes were identified as propidium iodide-positive cells with lower forward scattering while the four thymocyte populations were identified based on CD4 and CD8 antibody staining. The data was analyzed and displayed with the WinMDI and FCS Express software packages (De Novo Software, Los Angeles, USA).
Mathematical modeling.
Mathematical models involving density-based regulation of the growth process 29 are appropriate in modeling the homeostasis, but as long as they rely on constant proliferation rates they cannot model the involution. Aiming to describe the natural involution in the size of thymocyte populations we proposed to use time decreasing proliferation rates. The compartmental model we used contained a compartment for each of the four main thymocyte populations (DN, DP, SP4, and SP8), and we added an extra-compartment that drained all the dead thymocytes from the other four compartments (Fig. 5A) . The dynamics of these thymocyte populations -(N(t), P(t), SP4(t), SP8(t) and apoptotic cells -D(t)) -in both the fetal and post-natal time periods were modeled by a system of five differential equations, as described in Eq. The first four equations describe the rate of change in the number of thymocytes, based on typical terms describing proliferation, death and transfer, while the fifth equation models the compartment of apoptotic cells. This last compartment receives as input apoptotic cells from all the other compartments, as it is reflected by the first four terms of the fifth differential equation. The process of degradation of the apoptotic cells is modeled by the last term, where δ is the degradation rate. The compartment corresponding to apoptotic cells has been introduced in order to decouple the transfer and death rates that appear in the other compartments and to reduce the degree of parameter non-identifiability. It is primarily a mathematical compartment, since dead thymocytes are not a typical population undergoing some sort of biological development. Each of the first four equations in Eq. (1) contains a term which models the proliferation process. We considered two main classes of models: one characterized by exponentially decreasing proliferation rates, as described in Eq. (2), hereafter identified as M1, and another one in which the growth term involves a density related factor as well as a decreasing proliferation rate, as described in Eq. (3), noted as M2. 
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( , ( )) e xp( In Eqs (2) and (3) By fitting the data on thymocyte precursors during the fetal period 19 we found that a logistic function accurately captures the variation in data (Fig. 5B) . Consequently, in simulations we considered that the number of thymic progenitors varies according to the function given in Eq. (4). The parameters of function b(t) are estimated from data together with the other parameters of the model but such that b(t 0 ) = 10 −7 (this corresponds to the assumption that t 0 denotes the time at which the first thymic progenitors activate the process of the thymus formation).
As the differentiation process of DN thymocytes in DP thymocytes requires several days 37 we included in the model a delay (denoted by τ N in Eq. (1)), corresponding to the transfer of cells from the DN to the DP compartment. In order to keep the model simple we ignored the significantly smaller delay arising in the process of differentiating SP4 and SP8 thymocytes from DP ones.
These two classes of models involve several groups of parameters which have to be estimated in order to construct a model reflecting the behavior illustrated by the experimental data: As our aim was to model the overall dynamics of thymocyte populations from the fetal period until death of the animal, the first issue in modeling was to analyze whether the same parameter values are appropriate for both the pre-natal and post-natal periods. In order to answer this question we conducted some preliminary analysis for each of the two classes of models, considering both the case when the same set of parameters is used in pre-and post-natal stages and the case when there are no constraints imposed on the parameters values, i.e. the parameters values may have pre-natal and post-natal differences. The main point to notice is that by applying the same parameters in pre-and post-natal stages the quality of the models is significantly reduced, as illustrated by the mean squared error (MSE) values presented in Table 4 . Table 4 shows that for both classes of models the best fitting is obtained when different sets of parameters are used in the pre-natal and post-natal periods. In such a case a discontinuity may appear at the moment of birth in the function describing the decreasing proliferation rate. Therefore we further analyzed whether imposing a constraint concerning the continuity of the proliferation function improves or diminishes the quality of the model. The imposed constraint refers to the post-natal values of c N , c P , c 48 , which are computed directly using the corresponding pre-natal values, i.e. c postnatal = b prenatal c prenatal exp(b prenatal t 0 ), the numbers of parameters to be estimated being, in this way, decreased by three. Thus we arrived at four variants of the mathematical modeling, corresponding to the combination between two classes of models, which either incorporate (M1) or do not incorporate (M2) density-based control of the population growth, each with two variants, which allow (V1) or do not allow a discontinuity (V2) in the proliferation function at the moment of birth. In the Results section, out of the two main classes of models we used only the variants characterized by different sets of parameters in pre-natal and post-natal stages (M1.V1 and M2.V1, respectively). The models were separated initially on the basis of their fitting quality, and the models with poorer fitting were not pursued further. Models with comparable fitting were examined for their ability to model the dynamics of the thymocyte populations and to match crucial developmental time points in the development of the fetal thymus, from our data or from the literature. The calibration of the models to experimental data was done by minimizing the mean squared error using a stochastic optimization procedure based on an evolutionary algorithm hybridized with a Nelder-Mead local optimization method 38 . In order to collect statistical values and construct confidence intervals, the parameters were re-estimated by using a bootstrapping approach (re-sampling the experimental data). All results presented in this paper are based on 100 re-estimation steps. Search ranges and estimated confidence intervals are presented in Table SI and Figure S1 in the Supplementary Material. It should be noted that in the estimation process of the parameters corresponding to the post-natal stage we imposed a constraint on the transfer and death rates corresponding to DP subset (s N > d P + s 4 + s 8 ), ensuring that the number of DP thymocytes did not become smaller than that of DN thymocytes in the late stages of post-natal life, in agreement with the experimental findings 37 . The gray curves on the charts (Figs 1, 2, 3 , 4 and 5 and Supplementary Figures) correspond to parameter values obtained in the 100 stages of bootstrapping based re-estimation starting from a set of parameters selected out of 10 preliminary runs of the stochastic parameter estimation. Similarly, the black curve in each chart corresponds to the average values of the parameters calculated from the set of 100 values obtained by bootstrapping. These average values were used in the subsequent analysis and scenarios of thymocyte dynamics. On each applicable chart the black triangles represent the experimental data. The models with these average values of the parameters have been validated with respect to data reported in the literature in relation to the following aspects: shape of fetal and postnatal dynamics of thymocyte populations; thymus composition; proliferation in the fetal versus postnatal thymus; fetal and postnatal delays in the transfer from the DN compartment to the DP one; onset of embryonic thymopoiesis; and logistic shape of the number of precursors in the fetal thymus (details in Tables SI and SII from Supplementary Material). The parameter estimation procedure was fully implemented in Mathematica 7.0 (Wolfram Research, Oxfordshire, UK), which was also used for all simulations and graphs.
